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1. INTRODUCTION
w xNoor 9 defined a class of variational inequalities which can model the
contact problems with friction in elasticity and other practical problems.
w xLater, Mukherjee and Verma 8 studied the solution sensitivity of these
w xvariational inequalities by using the method of Dafermos 3 . They gave
sufficient conditions for the unique solution of such a problem to be
continuous or upper Lipschitz with respect to perturbations. In this paper
we obtain a result on the Holder continuity of solutions to variationalÈ
inequalities of the same type. Note that the class of variational inequalities
w xstudied in 8, 9 and in this paper contains the class of problems discussed
w xin Kinderlehrer and Stampacchia 6, Chap. II .
w xWe recall and analyze the class of problems defined by Noor 9 in
Section 2. We establish our main result in Section 3, by using several facts
w xfrom 4, 12 .
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2. THE CLASS OF PROBLEMS DEFINED BY NOOR
X  :Let H be a Hilbert space over reals, H its dual space, and ? , ? the
pairing between H X and H. The inner product and the norm in H are
 . 5 5 Xdenoted by ?, ? and ? , respectively. The norm in H is also denoted by
5 5? .
 .Let a u, ¨ be a bilinear form on H. Assume that a is coercive and
continuous; that is, there exist constants a ) 0, b ) 0 such that
5 5 2 5 5 5 5a ¨ , ¨ G a ¨ , a u , ¨ F b u ¨ for all u , ¨ g H . 2.1 .  .  .
 . XClearly we must have b G a . Let A: H ª H be a Lipschitz mapping;
that is, there exists a constant z ) 0 such that
5 5A ¨ y A u F z ¨ y u for all u , ¨ g H . 2.2 .  .  .
Let K ; H be a nonempty closed convex subset, and b: H = H ª R a
form with the following properties:
 .  .c b ?, ? is linear in the first variable.1
 .c There exists a constant g ) 0 such that2
5 5 5 5b u , ¨ F g u ¨ for all u , ¨ g H . 2.3 .  .
 .  .c b ?, ? is either convex or linear in the second variable.3
 .c For every u, ¨ , w g H,4
b u , ¨ y b u , w F b u , ¨ y w , 2.4 .  .  .  .
b u , ¨ " w F b u , ¨ q b u , w . 2.5 .  .  .  .
w xNoor 9 considered variational inequalities of the following type: Find
u g K such that, for every ¨ g K,
 :a u , ¨ y u q b u , ¨ y b u , u G A u , ¨ y u , 2.6 .  .  .  .  .
where a, A, b are defined previously. The main existence result proved in
w x9 can be stated as follows.
 w x.THEOREM 2.1 Noor 9, Theorem 3.1 . If a , z , and g are such that
z q g - a , 2.7 .
 .then there exists a unique solution u g K to problem 2.6 .
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   .  . :Noor assumes additionally that A u y A ¨ , u y ¨ F 0 for all u, ¨
w xg K. Let us note that the proof of Theorem 3.1 in 9 is valid without this
.extra condition.
The following lemma is fundamental for proving the preceding result.
 w x.LEMMA 2.1 Noor 9, Lemma 3.1 . Suppose that the assumptions of
Theorem 2.1 hold. Let r be a real number such that
2 a y g y z 1 .
0 - r - min , .22 5g q zb y g q z .
 .Then there exists u g 0, 1 satisfying
5 5f u y f u F u u y u for all u , u g H , .  .1 2 1 2 1 2
 . Xwhere, for each u g H, f u g H is defined by the condition
 :  :f u , ¨ s u , ¨ y r a u , ¨ y rb u , ¨ q r A u , ¨ .  .  .  .  .
for all ¨ g H . 2.8 .
 . X  .Note that, for every u g H, if there exists f u g H satisfying 2.8 ,
then
y1  :  :b u , ¨ s r u , ¨ y r a u , ¨ q r A u , ¨ y f u , ¨ .  .  .  .  .
for all ¨ g H .
 .Hence b u, ? must be a linear functional. So, for the validity of Lemma
 .2.1, one has to replace c by the following stronger condition:3
 . X  .c b ?, ? is linear in the second variable.3
 . X  .  .It is easy to show that c in combination with either 2.4 or 2.5 yields3
 .  .b u, ? ' 0 for each u g H. This means that b is the zero form, and 2.6
has the following simpler format: Find u g K such that, for every ¨ g K,
 :a u , ¨ y u G A u , ¨ y u . 2.9 .  .  .
 .Condition 2.7 now becomes
z - a . 2.10 .
 .Furthermore, observe that c is not needed for the proof of Theorem4
 w x.  .  .2.1 see 9 . So we can exclude it from the system c ] c , while1 4
 .  . X  .  .  . X  .replacing c by c . Properties c , c , and c simply say that b ?, ?3 3 1 2 3
is a continuous bilinear form on H. The Riesz representation theorem
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implies that there is a unique linear operator B: H ª H X such that
 :b u , ¨ s B u , ¨ for all u , ¨ g H . 2.11 .  .  .
 w x .  .See also 6, p. 24 . Condition 2.3 yields
5 5B u F g u for all u g H . 2.12 .  .
Ä .  .  .  .  .Using 2.11 , one can transform 2.6 to the form 2.9 , where A u [ A u
 .  .y B u replaces A u . Since
Ä ÄA ¨ y A u F A ¨ y A u q B ¨ y B u .  .  .  .  .  .
5 5F z q g ¨ y u .
Ä .  .  .by virtue of 2.2 and 2.12 , the inequality 2.10 , where z [ z q g
 .replaces z , holds true if we assume 2.7 .
 .  .We have seen that problem 2.6 under condition 2.7 can be reduced to
 .  .that of the form 2.9 under condition 2.10 . Solution sensitivity of such
problems is the subject of our next section, where we use the same
wnotation as before. Note that the variational inequalities considered in 6,
x  .  .Chap. II are of the form 2.9 where A ? is a constant operator.
È3. HOLDER CONTINUITY OF SOLUTIONS
First, we want to explain what is understood as a ``small perturbation'' of
 .  .2.9 . Let M and L be subsets of two normed spaces, and a ?, ? , m be a
 . Xbilinear form depending on a parameter m g M. Let A ?, m : H ª H be
an operator which also depends on m. Let
K l s ¨ g C : 0 g g ¨ , l q Q , 3.1 4 .  .  .
where g : H = L ª H is a function taking values in a Hilbert space H ,1 1
Q ; H a nonempty closed convex cone, and C ; H a nonempty closed1
convex set.
 .One typical form of the sets defined by 3.1 is described in the following
m  . mEXAMPLE 3.1. For H s R , Q s a , . . . , a g R : a G 0, . . . , a1 1 m 1 k
4  .   .  ..G 0, a s ??? s a s 0 , g ¨ , l s g ¨ , l , . . . , g ¨ , l and C s H,kq1 m 1 m
 .K l is the solution set of the system of equalities and inequalities:
g ¨ , l F 0, . . . , g ¨ , l F 0, .  .1 k
g ¨ , l s ??? s g ¨ , l s 0, ¨ g H . 3.2 .  .  .kq1 m
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 .Given a pair m, l g M = L, we consider the variational inequality:
 .  .Find u g K l such that, for every ¨ g K l ,
 :a u , ¨ y u , m G A u , m , ¨ y u . 3.3 .  .  .
One can say that the following parametric problem is a perturbed form of
 .  .  .3.3 : Find u g K l such that, for every ¨ g K l ,
 :a u , ¨ y u , m G A u , m , ¨ y u . 3.4 .  .  .
  .Assume that K l is a nonempty closed convex set for every l in a
.neighborhood of l.
 .  .  .Theorem 2.1 is applicable to 3.3 if a ?, ? , m , A ?, m possess some
 .  .  .properties similar to 2.1 , 2.2 , and 2.10 . Then it is natural to make the
 .  .following assumptions on a ?, ? , m and A ?, m :
 .d There exist a ) 0, b ) 0 such that1
5 5 2a ¨ , ¨ , m G a ¨ , .
X X X X5 5 5 5 5 5a u , ¨ , m y a u , ¨ , m F b u y u q m y m ¨ .  .  .
X Xfor all m, m in a neighborhood of m in M, and u, ¨ , u g H.
 .d There is z ) 0 such that2
X X X X5 5 5 5A u , m y A u , m F z u y u q m y m .  .  .
X Xfor all m , m in a neighborhood of m, and u , u g H.
 .d z - a .3
Applying Theorem 2.1, one can conclude that, under conditions
 .  .  .d ] d , problem 3.3 has a unique solution u g H.1 3
 .  .Concerning the function g ?, ? in 3.1 , we suppose that:
 .  .i For every ¨ g H and l g L, the map g ?, l has FrechetÂ
X  .derivative g ¨ , l at ¨ .¨
 . X  .ii The functions g and g are continuous in ¨ , l .¨
 .iii There exists l ) 0 such that
X X5 5g ¨ , l y g ¨ , l F l l y l 3.5 .  .  .
Xfor all l , l in a neighborhood of l and ¨ in a neighborhood of u.
  . w xIf 3.5 holds, then g is said to be locally equi-Lipschitz 2 in l at
 . .u, l .
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DEFINITION 3.1. We say that the regularity condition holds for the
inclusion system
0 g g ¨ , l q Q, ¨ g C , 3.6 .  .
 .at u, l if
X0 g int g u , l q g u , l C y u q Q , 3.7 .  .  .  . 4¨
where int V denotes the interior of a set V ; H .1
 . w xNote that 3.7 is the regularity condition introduced by Robinson 10 ,
w xwhich extends the Mangasarian]Fromovitz constraint qualification 7 .
w xThe reader is referred to 10, 14 for detailed discussions on this regularity
condition.
Our main result is the following:
 .THEOREM 3.1. Let m, l g M = L be a gi¨ en pair of parameters.
 .  .  .Consider the parametric problem 3.4 under assumptions d ] d . Assume1 3
 .that K l is con¨ex for each l in a neighborhood of l, and that u is the
 .  .  .unique solution to 3.3 . If the regularity condition 3.7 holds at u, l , then
there exist constants k ) 0, k ) 0, and neighborhoods U of m, V of l, such1 2
that
 .  .  .  .i For e¨ery m, l g M l U = L l V , there is a unique solu-
 .  .tion, denoted by u m, l , to 3.4 .
 .  X X.  .  .  .ii For all m , l , m, l g M l U = L l V ,
1r2X X X X5 5 5 5u m , l y u m , l F k m y m q k l y l . 3.8 .  .  .1 2
 .Proof. Due to the regularity condition 3.7 and the local equi-Lipschitz
 .property 3.5 , we can apply Theorem 2.3 and Proposition 1.1 from Dien
w x  .  .and Yen 4 to the set-valued map F ¨ , l [ g ¨ , l q Q to deduce that
 .  .  .the set-valued map K ? defined in 3.1 is pseudo-Lipschitz at l, u . The
latter means that one can find neighborhoods V of l and W of u and a0 0
constant k ) 0 such that
X 5 X 5 XK l l W ; K l q k l y l B for all l, l g L l V , 3.9 .  .  .0 H 0
where B stands for the closed unit ball in H. A formal application ofH
w x  .Theorem 2.3 from 4 requires F to be locally Lipschitz at u, l . But in
the proof of that theorem only the following weaker property has been
used: There exists l ) 0 such that1
X 5 X 5F ¨ , l ; F ¨ , l q l l y l B 3.10 .  .  .H1 1
Xfor all l, l in a neighborhood of l and ¨ in a neighborhood of u, where
 .  . .B denotes the unit ball in H . It is obvious that 3.5 implies 3.10 .H 11
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 .  .  .Now we shall make use of the assumptions d ] d . By virtue of d ,1 3 1
 .for every m in a neighborhood of m, the bilinear form a ?, ? , m is coercive
 .and continuous. Hence there exists a bounded linear operator G ?, m :
H ª H X such that
 :a u , ¨ , m s G u , m , ¨ for all u , ¨ g H . 3.11 .  .  .
 .  .  .  .Setting f u, m [ G u, m y A u, m , we can write 3.3 in the following
form:
 :Find u g K l such that, for every ¨ g K l , f u , m , ¨ y u G 0. .  .  .
3.12 .
X XFor arbitrary chosen u, u g H and m, m in a neighborhood of m in M, we
 .  .  .obtain from d , d , and 3.11 the following:1 2
X Xf u , m y f u , m .  .
X X X XF G u , m y G u , m q A u , m y A u , m .  .  .  .
X X X X :s sup G u , m y G u , m , ¨ q A u , m y A u , m .  .  .  .
¨gBH
X X X X5 5 5 5F sup a u , ¨ , m y a u , ¨ , m q z u y u q m y m .  .  .
¨gBH
5 X 5 5 X 5F b q z u y u q m y m . 3.13 .  . .
XMoreover, for all u, u g H and m in a neighborhood of m, we have
 X X :f u , m y f u , m , u y u .  .
 X X :  X X :s G u , m y G u , m , u y u q A u , m y A u , m , u y u .  .  .  .
X X  X X :s a u y u , u y u , m q A u , m y A u , m , u y u .  .  .
2X X X5 5 5 5G a u y u y A u , m y A u , m u y u .  .
5 X 5 2 5 X 5 2 5 X 5 2G a u y u y z u y u s a y z u y u . 3.14 .  .
 .  .  .Properties 3.13 and 3.14 of f ?, ? and the pseudo-Lipschitz property of
 .  .  . w xK ? at l, u described in 3.9 allow us to apply Theorem 2.1 in 12 to
 .  .problem 3.12 at the parameters m, l and the solution u. The conclu-
sions of our theorem now follow directly from the corresponding assertions
w xof 12, Theorem 2.1 . The proof is complete.
In the preceding proof we have had to deal with the pseudo-Lipschitz
property of set-valued maps. This property was first considered by Aubin
w x w x  w x1 . Later, it was discussed by Rockafellar 11 and other authors see 5
.and the references therein .
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w xIn some particular situations the assertions of 12, Theorem 2.1 can be
 w x.improved see 13 .
We conclude this section by considering a special case of Example 3.1,
which occurs frequently in practice.
 .  .EXAMPLE 3.2. Let K l be the solution set of 3.2 where m s k s 1.
 .  .  .  .If g u, l s g u, l - 0, then 3.7 obviously holds. If g u, l s 0, then1
X .  .3.7 is equivalent to the condition g u, l / 0.¨
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